The Doppler effect of light was implemented by interference with a reference wave to infer linear velocities in early manifestations, and more recently lateral and angular velocities with scalar phase structured light. A consequence of the scalar wave approach is that it is impossible to deduce the motion direction and position of moving targets directly. Here we overcome this limitation with vectorially structured light, exhibiting spatially variant polarization, allowing both the position and velocity of a particle to be robustly determined by a new vectorial Doppler effect. We use this to successfully implement real-time monitoring of instantaneous angular position and velocity of a complicated moving particle, and interpret its physical mechanism as evidence of time-reversal symmetry breaking in classically entangled light fields. Our demonstration can easily be extended with arbitrary vector structured fields for complete motion tracking of non-trivial trajectories, offering new vectorial Doppler metrology for universal motion vectors.
where A is the real amplitude of the polarized light. Here we assume that the particle moves within VPFs in a uniform intensity region, thus giving the constant A . 2 k   is the wavenumber of light with  being the wavelength. v denotes the linear velocity of the moving particle.  stands for the small angle between the Poynting vector of incident light and the observation direction, which determines the spatial period of polarization orientation ( =2 k      ) of the VPFs.  is related to the initial polarization orientation (see supplementary materials). Note that the sign  takes '+1'
or '-1', describing two opposite chirality of DPS, derived from the polarization orientation of fiber eigenmodes HEn,1 and EHn,1 like modes, respectively, where n denotes the fold number of rotational symmetry. 
From Eqs. (1) and (2), one can see that no matter what values  takes, the DPSs always keep
. The DPSs show remarkable chirality inversion when reversing the motion direction of the particle (see Figs. 1b and 1d ). These two-dimensional DPSs belong to the distinct property of vectorial Doppler effect with spatially variant polarized light fields that enables the distinguishability of motion direction of a moving particle. By contrast, the classical Doppler effect based on scalar optical fields shows one-dimensional Doppler intensity signals, incapable of distinguishing the motion direction (see supplementary materials). In practice, one can exploit the chirality of DPS through two polarizers to distinguish the motion direction (or the sign of velocity vector). The phase relation of Doppler signals after passing through the polarizer with the polarizing angle j  (with respect to the x axis) can be deduced as 
where j = 1, 2 indicates polarizers 1 and 2 (P1, P2). It shows that the initial phase of this Doppler signal is dependent of the polarizing angle In the experiment, we generated a HE41-like cylindrical VPF to detect the angular velocity vector of a rotating particle ( Fig. 3a) that was mimicked by a digital micromirror device (DMD) (see Methods and supplementary materials). The cylindrical VPF pattern needs to be adjusted to match the rotational trajectory of the particle when illuminating this rotating particle. The reflected DPSs (Figs. 3b and 3c) by this rotating particle with two opposite angular velocities were split into two paths, and then filtered by polarizers 1 and 2 (P1, P2) in each path with the polarizing angle difference about 33   . After this, the corresponding Doppler intensity signals 1 and 2 were collected by the photodetectors 1 and 2 With the same twisted phase structure basis forming the HE41-like VPF, the cylindrical EH21-like VPF was also employed to implement the same experiment. The comparison results show that the RPDs at the Doppler shift peaks reversed the symbols compared to the results using HE41-like VPF (see supplementary materials). We further demonstrated the measured results using cylindrical VPFs with different orders (TM01, HE21, EH21, HE41, EH41, HE61, EH61, HE81, EH81, HE10,1), as plotted in Real-time monitoring. We further demonstrate the capacity of real-time monitoring for instantaneous position and velocity of a moving particle with a complex motion vector based on our vectorial Doppler effect with spatially variant polarized light fields (see Methods). Here we first use a higher-order cylindrical VPF to implement the real-time monitoring of angular position and velocity of a representative pendulum motion. The particle also mimicked by DMD moving in such state rotates around the beam axis of a HE19,1-like VPF (see Fig. 5a ). Despite, strictly speaking, not being a harmonic motion for the pendulum motion with a pivot angle, the moving particle here was approximately controlled as the state of harmonic motion. The pendulum length was set as about 2 mm in line with the radius of cylindrical VPF. In this case, the moving particle with harmonic motion will reflect the local polarized light from the higher-order cylindrical VPF to a non-uniform DPS (Fig.   5b ). This DPS carries the instantaneous motion information of the pendulum motion. The density of time-varying polarization variation of DPS shows the magnitude variation of velocity vector, while the chirality of DPS indicates the direction information, and especially, the chirality inversion implies the direction reverse of the movement.
Fig. 5
Real-time monitoring of a complicated moving particle based on vectorial Doppler effect with spatially variant polarized light fields. a A moving particle with pendulum motion is illuminated by the higher-order cylindrical HE19,1-like VPF. The inset shows zoom-in details of spatial polarization distribution of the HE19,1-like VPF. b DPS (Simulated) reflected from the higher-order cylindrical VPF can be available to retrieve the instantaneous position and velocity vector information of the moving particle.
In the experiment, after filtering the DPS (Fig. 5b ) through two polarizers, we got the Doppler intensity signals (Fig. 6a ). According to the principle of real-time monitoring (see Methods), we successfully obtained the instantaneous angular positions ( Fig. 6b ) and angular velocities ( Fig. 6c ) of the particle with pendulum motion. More generally, we also experimentally demonstrated the realtime monitoring of the moving particle with random rotation around the beam axis ( Fig. 7 ). All the measured results verify the feasibility of real-time monitoring of a complicated moving particle based on vectorial Doppler effect with spatially variant polarized light fields. In the real-time monitoring of a complicated moving particle, there will be inevitably few peaks in the Doppler intensity signals from the spatially variant polarized light fields when the velocity is close to zero, resulting in fewer measured data points and thus reducing the resulting resolution (see Figs. 6c and 7c). Even so, the temporal resolution of the real-time monitoring can be improved by decreasing
of the spatially variant polarized light fields. In the practical monitoring, it means that one can generally enlarge the observation angle  or use the laser with shorter wavelength to improve the temporal resolution. Especially, as for the cylindrical VPFs ( kr   ), this measures correspond to increase the more order ( ) or reduce the size ( r ) of cylindrical VPFs. Because when using this kind of vector structured light, the Doppler response of the moving particle interacting with the subtler spatial polarization period can give denser Doppler signals available to embody the subtler variation of the movement. Nonetheless, it is noteworthy that no matter how smaller periodic polarization distribution is used, the size of the targeted particle should be small enough relative to the period of spatial polarization, otherwise the DPS cannot be distinguished.
Therefore, there is a trade off between the temporal resolution (VPF order) and the relative size of VPF for an effective real-time monitoring of a moving particle in practice. In the proof-of-principle experiments, we just presented the detection of rotational motion of the targeted particle. It is worth mentioning that, naturally, this detection scenario can be extended to arbitrary motion states and even 3D motion tracking by using arbitrarily tailorable spatial polarization fields. This vectorial Doppler metrology approach enables the direct and robust detection of motion vector, because without an additional reference light, and thus exhibits high anti-interference to environment disturbance. This benefits from the exploitation of the spatially variant polarized light fields as an integration of spatial phase and polarization degrees of freedom of light (or classical polarization-spatial entanglement), in contrast to the simplex phase degree of freedom of scalar optical fields used in the previous scheme 6, 15 . Our findings may offer many emerging applications in Doppler velocimetry, metrology, and monitoring for universal motion vectors in the natural world and human industry. 
Methods
where m = 0, 1, 2… denotes the order number of peaks found in the Doppler intensity signals. 
as well as the resulting angular velocity,
Generating cylindrical VPF and mimicking a rotating particle. In the experiment, we took the means of a Sagnac interferometer configuration to generate the high-quality cylindrical VPFs by superposing two twisted light beams with opposite topological charge number (  ) and circular polarization 1   (see supplementary materials). Using this method, before superposing into the desired VPFs outside of the sagnac loop, these two light beams along the opposite directions in the loop propagate the same light paths, and thus can avoid the phase variation due to the ambient interference so as to generate the stable and high-quality cylindrical VPFs. The particle was mimicked by a lump of 78 adjacent micromirrors of a digital micromirror device (DMD) in the 'ON' state with a diameter of about 137 μm. The rotational movement of the particle was gotten by controlling the time interval to switch the next set of micromirrors to the 'ON' state (see supplementary materials). During the measurement, when illuminating the rotating particle, the pattern of the cylindrical VPF was controlled to match the rotational trajectory of the particle with the rotation diameter about 2.5 mm to obtain the distinguishable DPS.
Classical Doppler effect based on scalar optical fields
In the classical Doppler velocimetry based on scalar optical fields, two light beams as cross-reference are usually used for illumination on a moving object, as shown in Fig. S1a . For the convenience of analysis, we assume that the direction of observation is perpendicular to the motion direction. Firstly, we derive the field distribution of interference between two cross-reference light beams along the motion direction of a moving particle. Generally, the complex electric-field function of one light beam projecting in the motion direction can be written by, As for one of the cross-reference light beams, this projected electric-field in the region of interference can be further written by, Thereby, the resulting interference fields between these two cross-reference light beams in Fig. S1b can be written by,
where the superscript '  ' stands for complex conjugation. Note that here the complex amplitudes of two cross-reference light beams are approximated as 1 When a particle moves within the interference fields at the velocity of v along the x , it can scatter light into the detector. Because of normal detection with respect to the motion direction, the Doppler shift of the detected light is just induced by the interaction between the moving particle and the projecting fields expressed by Eq. (S1). In this case, the displacement 
Vectorial Doppler effect based on vectorial polarization fields (VPFs)
The classical Doppler effect by scalar optical fields discussed above is not associated with the polarization degree of freedom. In this section, we take consideration of the polarization into the system of Doppler velocimetry. By the same way as the analysis of scalar Doppler effect above, firstly we present how to produce the VPFs and then discuss how a moving object interacts with the VPFs, as illustrated in Fig. S2a . As for one of two cross-reference light beams with orthogonal circular state of polarization (SoP), the polarized electric-fields of light projecting in the motion direction of the moving object can be expressed using Jones vector as follows, Along the motion direction of a moving object, these two cross-reference light beams can superpose into the VPFs in Fig. S2b 
where the phase difference   EH  vector mode, as shown in Fig. S2d . Note that it features the spatial polarization orientation inversion between these two kinds of cylindrical VPFs ( = +1 and 1).
In accordance with section 1, also considering a particle moving at the velocity of v along the x within the general VPFs given by Eq. (S7), as shown in Fig. S2a, it 
Classical entanglement transformation from polarization-spatial to polarization-time entangled states
Entanglement is studied almost exclusively in the context of quantum systems. This concept was initially introduced by Schrödinger 1 in his response to the famous gedanken experiment of Einstein, Podolsky, and Rosen (EPR) 2 . In recent years, the term entanglement has come to be used in a more general context [3] [4] [5] [6] [7] . A profound difference exists between two types of entanglement: (i) entanglement between spatially separated systems and (ii) entanglement between different degrees of freedom of a single system 4, 5 . Only type (i) is identified with true entanglement in quantum physics that refers to nonlocal correlations. Conversely, type (ii) can be regarded as classical entanglement that appears in classical systems and cannot generate nonlocal correlations.
In a general paraxial beam as a single system, its polarization and spatial degrees of freedom can be coupled into four-dimensional vectors, 
As for the system of VPFs given by Eq. (S7), the simplified expression just in terms of polarization and spatial degrees of freedoms can be expressed as, 
The states in Eqs. (S16) and (S17) correspond to two kinds of spatial polarization orientation of VPFs, clearly, both showing that the polarization and spatial degrees of freedom for VPFs are nonseparable in terms of classical entanglement. Because these fields cannot be represented as a simple product of one polarization vector and one spatial function. In accordance with section 2, when kr   and xr   , the VPFs expressed in Eqs. (S16) and (S17) reduce to the familiar case of cylindrical VPFs as classical polarization-spatial entanglement 5,6 .
In the system of vectorial Doppler velocimetry, when scattered by a moving particle, the DPSs from the classical polarization-spatial entangled VPFs can be approximately given by 1
In quantum mechanics, the time-reversal operator T for wave functions is described by 8 . Under this operation, the states in Eqs. (S19) and (S20) become reciprocally timereversal entangled states, namely,
Note that the phase term of   exp i here is not considered, since the wave function in different phase factors also belongs to the state of system determined by the same Schrödinger equation according to the linearity relation. 
Experimental setup and the generation of VPFs for the detection of motion vector
We The Sagnac interferometer configuration sharing the same light path benefits the high-quality generation of cylindrical VPFs. In the experiment, cylindrical VPFs analogous to HE41 vector mode in Fig. S4b and analogous to EH21 vector mode in Fig. S4c were generated by imprinting with a computer generated phase profile ( 3  ) to SLM and rotating QWP1 to control circular SoP. The generated cylindrical VPF was illuminated on a moving particle that is mimicked through a digital micromirror device (DMD) by setting micromirrors in specific time-varying positions to the state of 'ON'. We turned a lump of 78 adjacent micromirrors to the 'ON' state to mimic a microcircle with a diameter of about 137 μm. The diameter of the cylindrical VPF was controlled to be about 2.5 mm to match the rotational radius of the moving particle. Otherwise the moving particle could interact with imprecise local SoP, making the DPS fuzzy and undistinguishable. In the experiment, the size ratio of the particle to the period of spatial SoP variation in VPF is about 0.1. The QWP2 is used for the compensation of the polarization-dependent dissipation when reflecting the local SoP by the mimicked particle consisting of an array of micromirrors. The apertures (AP1 and AP2) could block the light in undesired diffraction orders generated by SLM and DMD.
Additional measured results and discussions
In the main text, we presented the experimental results for detecting angular velocities under opposite directions using the cylindrical VPF analogous to HE41 vector mode. As is well known, this cylindrical VPF consists of light components with the same twisted-phase basis as the EH21 vector mode. The cylindrical VPF analogous to EH21 vector mode can be generated simply by exchanging the circular SoP between two twisted-phase components used for synthesizing HE41-like VPF. In the experiment, we also employed EH21-like VPF to detect the same angular velocities, as shown in Fig. S5 . Compared to the measured results using HE41-like VPF in Figs. 2d and 2e , the measured two Doppler intensity signals using EH21-like VPF in Figs. S5a and S5d just reversed the relative phase difference that was clearly shown in the relative phase spectra in Figs. S5c and S5f. The full information (magnitude, direction) detection of motion vector is also achievable using EH21-like VPF. Moreover, we also experimentally demonstrated the variance of the Doppler shift and the invariance of the relative phase difference under different angular velocities of the rotating particle using the cylindrical VPF analogous to EH61 vector mode, as shown in Fig. S6 . It clearly shows that the Doppler shift is proportional to the magnitude of motion velocity, while the relative phase difference depends on the direction of motion vector.
